The symplectic projector method is applied to derive the local physical degrees of freedom of a classical particle moving freely on an arbitrary surface. The dependence of the projector on the coordinates and momenta of the particle is discussed. *
Introduction
The problem of finding the physical degrees of freedom of a constrained system can be traced back to the work of Dirac [1] and represents the central issue in the quantization of realistic models. The classical method to deal with this sort of problems is to enlarge the phase space by adding non-physical variables to the original ones and to define the physical surface with the help of a nilpotent operator acting on the all degrees of freedom. This is the well known BRST method (see [2] for a reveiw.) However, in many cases when the structure of the constraints is simpler, there are other ways of finding the physical degrees of freedom. In particular, when the constraints are of second class only, a local symplectic projector can be written down and the local physical degrees of freedom can be computed from it ( [3, 4, 5, 6, 7, 8, 9, 10, 11] ). A class of systems that may exhibit simple second class constraints is given by a particle moving on a surface defined by a holonomic function f (x) = 0. The way in which such system can arise and the problems related to the quantization of it were addressed in [12] . In this letter we are going to study the dynamics of the classical particle on a surface from the point of view of the symplectic projector method. This study is usefull for understanding the local degrees of freedom of the particle as well as the range of the applicability of the method to constrained systems. The paper is organized as follows. In Section 2 we review the method of the symplectic projector. In Section 3 we derive the local degrees of freedom for a free particle on a surface embedded in R n and the corresponding Hamiltonian. The last section is devoted to discussions.
Brief Review of The Symplectic Projector Method
The symplectic projector can be defined for any system subject to second class constraints φ m ξ M = 0. Here ξ M = (x a , p a ), M = 1, 2, . . . , 2N are the coordinates in the phase space which is assumed to be isomorphic to R 2N and m = 1, 2, . . . , r = 2k. The symplectic projector has the following form [4] 
where J M N is the symplectic two-form and ∆ −1 mn is the inverse of the matrix
The symplectic projector given by the relation (1) projects the phase space variables ξ M onto local variables on the constraint surface ξ *
Starting with a 2N -dimensional phase-space and 2k second class constraints, we are led to a vector with 2(N −k) independent components. As was noted in [3] , the boundary conditions that should be satisfied by the normal coordinates and the corresponding momenta to the constraint surface are given by the following relations
Then, the physical Hamiltonian is given by the original one written in terms of the coordinates that are obtained after projection, i. e. the local coordinates on the physical surface. These variables are independent, free of constraints and they obey canonical commutation relations. The equations of motion follow from the usual Hamilton-Jacobi equations:
where { , } are the Poisson brackets. From the analogy between the Dirac matrix
and the projector given by the relation (1) one can see [10] that the following relation holds:
We note that the trace of the projector matrix gives the degrees of freedom of the system. In order to quantize the theory, one should start with the physical Hamiltonian obtained above. Then, the observables of the quantum theory should depend only on the coordinates ξ * .
3 Free Particle on a Surface f (x) = 0 in R N Let us consider a particle moving freely on a smooth arbitrary surface Σ embedded in R N and defined analytically by the equation
where x = {x a }, a = 1, 2, · · · , N are the Cartezian coordinates in R N . The movement on the surface Σ can be obtained by introducing the f (x) in the Hamiltonian through a Lagrange multiplier λ
and then interpreting λ as an independent variable. Thus, the extended phase space is coordinatised by x µ = (λ, x a ) and p µ = (p λ , p a ) and it is endowed with an Euclidean metric and a symplectic two-form. The constraints on the dynamics are derived in the usual manner, by the Dirac algorithm which gives the following set of equations
The constraints (11)- (14) are of second class, therefore one can apply the Symplectic Projector Method to determine the local physical degrees of freedom [3, 10] . To this end, one computes firstly the Dirac brackets in the extended phase space. The non-zero Dirac brackets are
where we have used the following notations
The normal vector to the surface n a has unit norm and is defined in the usual way
If we write the components of a symplectic vector in the extended phase space in the order (λ, x a , p λ , p a ) then the Dirac brackets can be disposed into a (2N + 1) × (2N + 1) matrix which is called the Dirac matrix
The symplectic projector is given by the equation (8) and has the following form
By acting with the projector (22) on the degrees of freedom of the extended phase space we obtain the local physical degrees of freedom of the particle [3] . Locality, in this case, has the meaning of "local on the surface Σ". Note that the trace of the matrix (22) is equal to the number of the degrees of freedom, which in this case is 2N − 2. The projected degrees of freedom are given by the following relations
Now let us discuss the above sytem. We can see that there are some distinct cases to deal with.
General Λ (ξ)
In the case of an arbitrary function f , the entries of the projector matrix are functions of the coordinates of the particle in the phase space. Therefore, there is no general method to separate the linearly independent physical coordinates ξ * µ , where µ, ν . . . = 1, 2, . . . 2(N −1) from the linearly dependent ones ξ * α , where α, β, . . . = 1, 2, 3, 4. However, we can derive some general relations to be satisfied by the linearly dependent coordinates as well as by the projector. Since there are constants c α µ such that
then one can use the relation Λ 2 = Λ to find the following relations that should be satisfied
The above equations should be satisfied simultaneously for all ν and all β. By comparing the number of equations with the number of constants c's, we see that c's may be completely determined only if N = 1, 2. This condition, although necessary, is not sufficient. Indeed, if we treat (25) and (26) as a system that solves c's, we see that the constants c α µ are expressed as functions on ξ's. However, by hypothesis, c's should be real numbers which implies that these functions be constants.
Let us look at the time evolution of an arbitrary projected coordinate ξ * M . On the constraint surface, it is given by its Poisson bracket with the physical Hamiltonian H *
where H * = H (ξ * ) depends only on the linearly independent variables and * in the Poisson brackets means that they should be computed using the projected variables. In particular, the relation (27) guarantees that the mapping by Λ is canonical. On the other hand-side, if we interpret ξ * M (ξ) as function on the phase space, then its time evolution should be given by the following relationξ
However, on the constraint surface Σ, the relations (27) and (28) should coincide, i. e. the following relation should hold
The above relation represents a consistency condition that should be satisfied by the symplectic projector.
Constant Symplectic Projector
There are surfaces for which the entries of the symplectic projector are constant functions on the coordinates ξ. These surfaces will satisfy the following relations
where C a , D b and O ab = −O ba are constant numbers. In this case, (23) is a system of linear equations with numeric coefficients (from R). Therefore, one can find the independeent degrees of freedom as follows. Since the projected momenta p * λ vanishes, we should look for three more vanishing or linearly dependent degrees of freedom in (23). They can be obtained by noting that not all the coefficients in the r.h.s. of (23) are independent since they are entries of the projector (22). Therefore, from the condition
we derive the following relations
It is important to note that (33) is not a supplementary condition imposed by hand. Rather, it is a built-in relation in the formalism because Λ is constructed to be the local projector on the constrained surface. Therefore, the relations (34)-(37) are natural constraints. n a n b is the projector on the normal direction and δ a b is the projector onto the tangent space to Σ. We can use these projectors to split the coordinates (23) into normal and tangential. Then it is easy to show that
represent the independent degrees of freedom. They are tangential to the surface Σ as they should be. The dependent and null degrees of freedom are given by the following relations
x * a n = 0 ,
The equations above elliminate four degrees of freedom. Therefore, the number of the local physical degrees of freedom is 2N − 2 as expected. Note that they are expressed in terms of the global indices in the initial R N space. One can pass to a local coordinate system on Σ by performing a general coordinate transformation from the origin of R N to the point P on Σ. In order to elliminate the normal direction, one has to pick-up one of the directions of the local coordinate system parallel to the normal. However, the tangential directions are determined only up a SO(N − 1) transformation.
The physical Hamiltonian of the system should be entirely written in terms of the tangential degrees of freedom and it is given by the folowing relation
The local quantization of the system should be done by using (44). In order to quantize the system globally on Σ, additional information should be given, as for example, the range of the local coordinates and the topological structure of the theory. It is not clear yet if this information could be included in a global projector of the surface or if it should appear from gluing the local operators on neighbour openings. The two cases analysed above, i. e. when Λ containts general functions on ξ and when it contains just constants, represent the two extreme cases of the symplectic projector method. In the first case one cannont provide a general method for finding the independent degrees of freedom, while in the second case they are given by solving a system of linear equations with coefficients from R. Between the two cases, there are particular surfaces for which the physical degrees of freedom can be computed from the (23), but the way of solving this system depends on the specific model. However, for all cases the physical Hamiltonian is given by (44) and it should be used for local quantization. In order to take into account the global properties of the constraint surface, one should extend this formalism. However, even if one limitates to local analysis, there are surfaces for which the local physical coordinates obtained from the symplectic projector vanish. The issue becomes more clear if we study some simple examples.
Discussions
As was already noted, the symplectic projector given by the relation (22) depends on the coordinates of the phase space (x a , p a ). This implies that the splitting of the projected coordinates into independent and dependent coordinates also depends on the position of the point at which this analysis is made on the constrained surface. Moreover, from the relations (39) and (43) we see that the variables are really independent only if the entries of the symplectic projector are real numbers. Also, note that the equations (39) and (43) imply that some of the physical coordinates and momenta can vanish on certain surfaces. This can be seen by taking p λ = 0 on the surface in (39). For example, the physical coordinates and momenta vanish whenever
Also, only momenta can vanish if
To conclude, we have discussed the possibility of applying the symplectic projector to determine the degrees of freedom of a particle on a surface. From the present analysis results that the independent coordinates and momenta can be found exactly only for certain surfaces. If the components of the projector are constant, then the solution can always be obtained from a linear system of algebraic equations with constant coefficients. We note that finding nontrivial solutions to the equations (30), (31) and (32) represents an interesting problem. Also, there are surfaces for which these relations do not hold but which admitt solutions to the system (23). In both cases, the local quantization of the system should be done by using (44). In the general case, there is no systematic method to split the projected coordinates into a set of independent variables and a linearly dependent one. The dynamics of the particle on a plane in R 3 can be considered as a simple example of a surface for which the projector is constant. This case is somewhat degenerate since the movement is free and the definition of the plane is a matter of chosing a coordinate system in R 3 . However, as one can easily check out, the system (23) gives the correct Hamiltonian and the dgrees of freedom. As an example of symplectic projector that depends on the coordinates one can take the circle S 1 . Then the symplectic projector gives a vanishing Hamiltonian, while a careful analysis of the constraints leads to the positive Hamiltonian of a free particle on a circle. These examples illustrate the above discussion.
In order to quantize the system globally on Σ, additional information should be given, as for example, the range of the local coordinates and the topological structure of the theory. It is not clear yet if this information could be included in a global projector of the surface or if it should appear from gluing the local operators on neighbour openings. The globality problem invites to extending the local symplectic operator method to global theories. We hope to report on these topics in a future paper [13] .
